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Answer any FIVE questions PART A
1. (a) Show that a real differentiable functidnis convex is (a, b) if and only if
the derivativéd  is a monotonically increasing function.
(b) State Jensens inequality, using Jensens inequality deduce thearfami
inequality between the arithmetic and geometric meangositive numbers.
2. (a) Establish the Holders and Minkowskis in equalities and derivBdinarz
inequality.

(b) Define the term essential supremum. Suppésed ,f1 LP(m, gl L°(m).
Prove that
i) f+gl L and i)|f+g| £]f] +|g

3. Let be the maximal ideal space of a commutative Banach aldgeli?eove
that

(a) is a compact Hausdorff space (b) The Gelfand transform is a honmploism
of Aonto a sub algebra A of cwhose kernel is radl . The Gelfand transform is

therefore an isomorphism if and onlyAfis semi simple. c) For each x A the

I

range of" is the spectrum (x) Hle T where - is the maximum of

| 5 d

‘on andx rad A iff p(x)=0

4. Prove that every positive functiorfain Banach algebra with involution has

the following properties:



5. (a) LetA be a Banach space and complex algebra with unit eleenebt, in
which multiplication is left continuous and right continuous. Prove that there is a
norm onA which induces the same topology as the given are and which akes
into a Banach algebra. (b) Let @) be the set of all invertible elements of a
Banach algebr&d. Show that G(A) is an open subset & and that the mapping

X X'is a homomorphism of GA) onto itself.

6. (a)Let Abe as Banach algebra arnd A. Show that the spectrum(x) of xis
compact and non-empty. (b) LAtbe as Banach algebra ardA show that the

spectral radiup (n) of x satisfies.

7. a) Show that every cauchy sequence in the spd€e)L1£ p < ,has a limit in

the space itself for every positive measurd) LetS be the class of all complex,

measurable, simple functions on X such t* """ If 1£ p < prove
thatSis dense in I°( ).
8. Let A be a commutative Banach algebra and le¢ the set of all complex
homomorphisms oh. Prove the following:

(a) Every maximal ideal of A is the kernel of same h

(b) If h  , the kernel of h is a maximal ideal of A.

(c) An element of x A is invertible in A iff h(x)not equal to zero for every h

(d) An element of x A is invertible in A iff x lies in no proper ideal of A
(e) € (x)iff h (x)= efor same h
9. (@) For £ p < prove that @x) is dense in B( ). Also prove that £ (R) is

complete.

(b) Prove that INC,(R) if we define the distance between two elements f @nd

by ‘ . ThenC¢(R) is a metric space under this metric.

10. (a) Define the term vanish at infinity show that if X isoaally compact

Hausdorff spaceflp < then G(X)is dense in E( ).



b) If X is a locally compact Hausdorff space. Prove thafX) is the completion

of C(X) relative to the metric defined by the supremum nc '
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1. (a) Prove that every field is a simple ring. (b) If a comnugating R with 1 is
a simple ring, show that R is a field. (c) If J and | are gleaR, define the | + J
and the product 13, show that | + J and 1J are also ideals in R.
2. (a) LetR={a+b -5/a,b Z},show that 1+2-5is an irreducible element &. (b)
Show that ifa ER is such thatRais a maximal ideal, then prove thatis an
irreducible element. ¢) L& be a Euclidean domain, prove that any .0 eleraént
Rwhich is not a unit can be expressed as a product of irreducible elements
3. (a) IfRis an integral domain, show tHafx] is also an integral domain.
(b) State and prove "Einstein's” criterion. (c) State and prove Gauss theorem.
4. (a) Prove that a s@il,u2, ,un}isa minimal generating set of a vector space V if
and only if it is a basis of V. (b) If VI and V2 are two subspaxfes vector space
V, show that dim (VI+V2)= dim VI + dim V2- dim (VI V2).
5. (a) Let K/F be a simple extension with Ik@). Show that then either (i) there
does not exist any non-zero polynomial g(x) E F[x] vgth) =0 or (ii) there exists
a uniqgue monic polynomial f(x) of least degree vift) =o.
6. (a) Let W be a subspace of V. Define the orthogonal complemérmf WY.
Show that W.is a subspace of "Vand V/W'=W" (b) Show that an R-module
M=M,; A MA.....M , if and only if (i) M=M+My+......M, and (i)
@) Min(Mi +Ms+....+Mij+ Mg +
+Mn) = 0, for all i=, 1<i <n.
(c) Let R be a domain and M be an R-module. Prove that the saiftath}orsion
elements of M is a submodule of M. (b) Let KIF and a EK be algebreer F.
Show that~(a) is a finite extension of F (c) Show that a finite extension of @rim
degree is a simple extension.
7. Obtain the structure theorem for a finitely generated torsion moghver a

PID), whose exponent is a power of a prime.



8. (a) Prove that any two splitting fields of f({x)F[x] are F -isomorphic. (i) M
=M+ My+...... + M, and (b) Show that any splitting field of polynomial over F is
a normal extension of F.
9. (a) Let ch F =p> O. Then prove that F is perfect if and ordyefy element of
F has a p-th root in F. (b) If G is a finite group of auto orphisnis ahd F is the
fixed field of G, prove that KIF is a Galois extension with G (KIF) =G.
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1. (a) Define outer measure and show that the outer measure o€mualing its
length.
(b) Let{A,} be a countable collection of sets of real numbers. Prove tHatAp)

m (A.). Hence prove that the set [0, 1] is not countable.

2. LetE be a given set. Show that the following statements are equivalent.
(a) E ismeasurable (b) Given> 0, there is an open 38t with m (O~E) <
(c) Given > 0, there is closed set FE with m (E~F) < (d) Thereis a G in
Gqwith E G, m (G~E)=0 (e) There is d@Rin F,with F E, m (O~E)=0
4. SupposdM is as-algebra in X andl be a topological space. Lietnap X intoY.
Prove the following: (a) If is the collection of all set8 Y such that f}(E) 1
M, then is as-algebra inY (b) if f is measurable anfl is a Borel set in Y, then
f'(E)eM () If Y = [-¥ ¥ ] and f'([a,¥]) EM for every readh, then f is measurable.
d) If f is measurable, iZ is a topological space @: Y Zis a Borel mapping and
if h=g oF,thenh: x Zis measurable.
5. () Letf : X [0,¥] be measurable, show that there exist simple measurable
functionsS ,, on X such (i) 0 sl s2 ¥] for

every xe X



(b) Let be a positive measure on a&-algebra M. Prove that

6. (a) Let(X,M, ) be a measure space avidbe the collection of allE e X for
which there exist se#s andB eM such thatA/ E/ B andn{B-A)= 0 and definen
(E) = n¢A) in this situation. Then show thist* is as - algebra andms a sequence

on M*

(b) Let {fn} be a sequence of complex measurable functions deéfinedn X

¥ ¥
such that | f.]dm < ¥ .Show thatthe series f(x)=  f, ( x)
¥

n=1 n=1

¥
converges for almost all x,éa* (mand fd m = f

X n=1 xx

dm

n

7. (a) Let (X,S,M) andY,T,A)be a-finite measure spaces. Sup@%esS xT. If
f(X) = 1(Q, y(Y)=mQ’) for everyx e X and ye Y, then show thafF is S -

measurabley is a T-measurableand F dm = y d/
X y

(b) Let vbe a positive measure @r algebraM, let M* be the completion o
relative tov andf be anM* -measurable function. Show that there exists an
M-measurabléunctionsuch that = g a.e [v].

8. (a) Suppose £ L' anda andA are real numbers. Show that (i)gle L* andh =

f *g, thenh(t) = I(t)g(t). (i) If g(x)= -1 x f(x)andg E £1, then 1 is differentiable
and I'(t)=g(t}

(b) If F is a complex homomorphism on a Banach algéhrtaen prove that the

norm ofF as a linear functional is at most 1.



9. SupposéA and C are positive constants and f is an entire function such that

|f(2)|£ ce* for all Z and 1 (x) | dx < ¥ Show that there exists an'f L(-

<A
A,A) such that f(z)= f(t)e*dt for all z

A

10. Prove that one can associate to efach L%a functionf / L? so that the
following properties hold

a) Iff1 L'CL? then f is the Fourier transform of f.
b) Foreveryf L? HTHZ:”f”z

c) The mapping f f is a Hilbert space isomorphism of anto L

d) If 7£,(t)= Af(x)e‘““dn’(x) and y ,(t) = Af(x)e‘““dn‘(x) then HfA-?H 0

-A

and

lyA - ?H DOasA ¥
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1. Let <, > be an inner product on a linear spatend |x|= Qx,x). .

Prove: (a) wy)|<l =11 for every x, Y E x, where equality holds if and only
if x and yare linearly independent.

(b) | |: X Kisanormon X and <, > is jointly continuous with respedj td|

(c) The normed linear spa@e” ||) is uniformly convex.

2. (a) Explain Gram-Schmidt ortho normalization. (b). State and proseeBe
inequality.
3. Let {Uglbe an orthonormal set in a Hilbert space H. Prove that the folloanag

equivalent:

¥

(a) {Uz} is an orthonormal basis for H. (b) forix H, x= (x,U,)U, where

n=1



() If xT Hand(X,U,,)=0 for alla then x=0

4. State and prove Riesz representation theorem.

5. If AT BL (H), prove that there is a uniquel BBL (H) such that for all

X, y,T H (A, y)=( X, By).

6. LetAT BL(H).Prove: (a) i Ais self-adjoint angAx, x)= 0 for alll

x EH thenA = 0 . (b) IfK = C, thenA is self-adjoint if and only if (Ax, xJ R for
all xT H;if K =R, then A is self-adjoint if and only if (Ax, y) Ay, x) for all x,
y,T H. (c). Ais unitary if and only if AY| = X| for all xT H and A is onto. (d). A

is normal if and only if| A = |A¢X| for all xT H

7. (a) Prove that T BL(H) s invertible if and only if A is bounded below and the

range ofAis dense in H
(b). If AT BL(H) , prove : |A] = (ry.)""

8. (a) LetPT BL(H) be a projection. Prove that the following are equivalentP (i)
is an orthogonal projection (ii)>P0 (iii) P is self-adjoint (iv)P is normal. (b)
State and prove finite dimensional spectral theorem.

9. 9. Define Resolution of the identity. Let {~} be a resolution of itlentity on

[a, b]. Prove that there exists a unique self-adjoint operatoBA(H) such that

forall X,y,T H,(Ax,y)= IDtd({p,X,Y))
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1. (a) Let A be a ring =F o. Prove that the following are equivalgri is a field
(i) The only ideals in A are 0 and (1) (iii). Every homomorphismAointo a
nonzero ring B is injective. (b) Define the nilradical of A. Prové tha nilradical
of A is the intersection of all the prime ideals ofA.

2. (@) Define contraction and extension of ideals



3. (a) Let g:A ~ B be a ring homomorphism such tlgg$ )is a unit inB for all sE

S. Prove that there exists a unique ring homomorphissAA~ B such

thatg =h O f (b) Define primary ideal. Prove that primary ideal is not necdgs
prime-power.

4. (a) State and prove first uniqueness theorem. (b) Define valuaigrofrK.
Prove that there exists a valuation ring for every field.

5. (a) Define a.c.c. and d.c.c. prove that, for fielk[x] satisfies a.c.c, but not
d.c.c.

6. Let A be a Noetherian local domain of dimension one, m its maximal kleal,
A/ mits residue field. Prove that the following are equivalentA(& a discrete
valuation ring (b)A is integrally closed m is a principal idedimK (m/m2)=1 (c)
Show that every chain can be extended to a composition series.

7. (a) IfAis Noetherian, prove th&{x] is Noetherian. (b) Every non-zero ideal is
a power of m. (c) There existsE A such that every non-zero ideal is of the form
(x) k >0.

8. a) If L>M>N are A-Modules prove that (L/N)(M/N)=(L/M). () M., M2 are
submodules of M that M1+M2/M3=M2/(M1 CM,) (c). Show that
Ann(M+N)=Ann(M) C Ann(N) and (N:P)=Ann((N+P)/N).

9. State and prove structure theorem for Artin rings.

10. (a) State and prove first uniqueness theorem. (b) Define valuatgpofrk.

Prove that there exists a valuation ring for every field.



