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Answer any FIVE questions PART A 

1. (a) Show that a real differentiable function  f  is convex is (a, b) if and only if 

the derivative f ’  is a monotonically increasing function. 

(b) State Jensens inequality, using Jensens inequality deduce the familiar 

inequality between the arithmetic and geometric means of n positive numbers. 

2. (a) Establish the Holders and Minkowskis in equalities and derive the Schwarz 

inequality. 

(b) Define the term essential supremum. Suppose 1£ p <� , f Î  L p (m), g Î  Lp (m). 
Prove that  
 i) pLgf Î+  and   ii) 

ppp
gfgf +£+  

 

3. Let �  be the maximal ideal space of a commutative Banach algebra A. Prove 

that 

(a) �  is a compact Hausdorff space (b) The Gelfand transform is a homomorphism 

of A onto a sub algebra A of c (� ) whose kernel is rad A . The Gelfand transform is 

therefore an isomorphism if and only if A is semi simple. c) For each x �  A the 

range of  is the spectrum � (x)  where  is the maximum of 

 on �  and x �  rad A iff p(x)=0 

4.  Prove that every positive functional F in Banach algebra A with involution has 

the following properties: 

 



5. (a) Let A be a Banach space and complex algebra with unit element e�  0 , in 

which multiplication is left continuous and right continuous. Prove that there is a 

norm on A which induces the same topology as the given are and which makes A 

into a Banach algebra. (b) Let G (A) be the set of all invertible elements of a 

Banach algebra A. Show that G (A) is an open subset of A and that the mapping 

x� x-1 is a homomorphism of G (A) onto itself. 

6. (a) Let A be as Banach algebra and x�  A. Show that the spectrum � (x) of x is 

compact and non-empty. (b) Let A be as Banach algebra and x� A show that the 

spectral radius p (n) of x satisfies. 

 

7. a) Show that every cauchy sequence in the space L p (� ) 1£ p <� ,has a limit in 

the space itself for every positive measure �   b) Let S be the class of all complex, 

measurable, simple functions on X such that  If 1£ p <� prove 

that S is dense in L p (� ). 

8. Let A be a commutative Banach algebra and let � be the set of all complex 

homomorphisms of A. Prove the following: 

(a) Every maximal ideal of A is the kernel of same h �� ��

(b) If h �  � , the kernel of h is a maximal ideal of A. 

(c) An element of x �  A is invertible in A iff h(x)not equal to zero for every h �  

�  

(d) An element of x �  A is invertible in A iff x lies in no proper ideal of A 

(e) �è �  �  (x) iff h (x)= �è for same h �  �  

9. (a) For 1£ p <�   prove that Cc(x) is dense in Lp(� ). Also prove that Lp (Rk) is 

complete. 

(b) Prove that in Cc(R) if we define the distance between two elements f and g 

by . Then Cc(R) is a metric space under this metric. 

10. (a) Define the term vanish at infinity show that if X is a locally compact 

Hausdorff space 1£ p <�   then Cc(X)is dense in Lp (� ). 



b) If X is a locally compact Hausdorff space. Prove that C c(X) is the completion 

of Cc(X) relative to the metric defined by the supremum norm   
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Time: Three hours Maximum: 100 marks 

Answer any FIVE questions. 

1. (a) Prove that every field is a simple ring. (b) If a commutative ring R with 1 is 

a simple ring, show that R is a field. (c) If J and I are ideals in R, define the I + J 

and the product IJ, show that I + J and IJ are also ideals in R. 

2. (a) Let R= {a+b� -5/a,b� Z},show that 1+2� -5is an irreducible element of R . (b) 

Show that if a ER is such that Ra is a maximal ideal, then prove that a is an 

irreducible element. c) Let R be a Euclidean domain, prove that any .0 element a E 

R which is not a unit can be expressed as a product of irreducible elements. 

3. (a) If R is an integral domain, show that R[x] is also an integral domain. 

(b) State and prove "Einstein's" criterion. (c) State and prove Gauss theorem. 

4. (a) Prove that a set {uI,u2, ,un}is a minimal generating set of a vector space V if 

and only if it is a basis of V. (b) If VI and V2 are two subspaces of a vector space 

V, show that dim (VI+V2)= dim VI + dim V2- dim (Vl � V2). 

5. (a) Let K/F be a simple extension with K =F(a). Show that then either (i) there 

does not exist any non-zero polynomial g(x) E F[x] with g(a) =0 or (ii) there exists 

a unique monic polynomial f(x) of least degree with f(a) =o. 

6. (a) Let W be a subspace of V. Define the orthogonal complement W1 of W. 

Show that W1.is a subspace of  V* and V*/W1=W* (b) Show that an R-module 

M=M1 Å M2Å……M n  if and only if (i) M=M1+M2+……Mn and (ii) 

 

(c) Let R be a domain and M be an R-module. Prove that the set t(m) of all torsion 

elements of M is a submodule of M. (b) Let KIF and a EK be algebraic over F. 

Show that F(a) is a finite extension of F (c) Show that a finite extension of prime 

degree is a simple extension. 

7. Obtain the structure theorem for a finitely generated torsion module, (over a 

PID), whose exponent is a power of a prime. 

 

 



 

 

8. (a) Prove that any two splitting fields of  f(x) Î  F[x] are F -isomorphic. (i) M 

=M1 + M2 +……+ Mn and (b) Show that any splitting field of polynomial over F is 

a normal extension of F. 

9. (a) Let ch F =p> O. Then prove that F is perfect if and only if every element of 

F has a p-th root in F. (b) If G is a finite group of auto orphisms of K and F is the 

fixed field of G, prove that KIF is a Galois extension with G (KIF) =G. 
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1. (a) Define outer measure and show that the outer measure of an internal is its 

length. 

(b) Let {An} be a countable collection of sets of real numbers. Prove that m’ (UAn) 

�  m’ (An). Hence prove that the set [0, I] is not countable. 

2. Let E be a given set. Show that the following statements are equivalent. 

(a) E is measurable (b) Given � > 0, there is an open set O �  �  with m’ (O~E) < �  

(c) Given �  > 0, there is closed set F 	  E with m’ (E~F) < �   (d) There is a G in 

Gd with E� G, m’ (G~E)=0 (e) There is an F in Fa with F� E, m’ (O~E)=0   

4. Suppose M is a s-algebra in X and Y be a topological space. Let f map X into Y. 

Prove the following: (a) If 
  is the collection of all sets E	  Y such that f -1(E) Î  

M, then 
  is a s-algebra in Y (b) if f is measurable and E is a Borel set in Y, then 

f-I(E)e M (c) If Y = [-¥ ,¥  ] and f-l([a,¥ ]) EM for every read a, then f is measurable. 

d) If f is measurable, if Z is a topological space if g: Y�  Z is a Borel mapping and 

if h =g oF, then h: x�  Z is measurable. 

5. (a) Let f : X� [0,¥ ] be measurable, show that there exist simple measurable 

functions S n on X such (i) 0� s1� s2������ � � ����� �� 	 �
� � ��
�� ��� 	 � ¥ ] for 

every x e  X 



(b) Let �  be a positive measure on a s–algebra M. Prove that 

 

6. (a) Let (X,M, � ) be a measure space and M*be the collection of all E e X for 

which there exist sets A and B e M such that AÌ EÌ  B and m(B-A)= 0 and define m 

(E) = m(A) in this situation. Then show that M* is a s - algebra and m is a sequence 

on M* 

 

(b) Let  {fn} be a sequence of complex measurable functions defined a .e on X 

such that ¥<� �
¥

= ¥

mdf
n

n
1

. Show that the series f(x)= )(
1

xf
n

n�
¥

=

 

converges for almost all x, f  e a1 (m) and mm dffd
n xx

n
x

� ��
¥

=

=
1

 

7. (a) Let (X,S,M) and (Y,T,A) be a-finite measure spaces. Suppose Q E S x T. If 

f (X) = l (Qx), y (Y)=m(Qy) for every x e X and ye Y, then show that F  is S – 

measurable, y  is a T -measurable and �� =F
yx

dd lym  

(b) Let v be a positive measure on s– algebra M, let M* be the completion of M 

relative to v and f be an M* -measurable function. Show that there exists an 

M-measurable function such that f = g a.e [v].  

8. (a) Suppose f  e L1 and a and A are real numbers. Show that (i) If g e L1 and h = 

f *g, then h(t) = l(t)g(t). (ii) If g(x) = -I x f(x) and g E £1, then 1 is differentiable 

and l' (t)= g(t} 

(b) If F  is a complex homomorphism on a Banach algebra A, then prove that the 

norm of F  as a linear functional is at most 1.  



9. Suppose A and C are positive constants and f is an entire function such that 

xACeZf £)(  for all Z and ¥<�
¥-

dxxf
2

)( Show that there exists an f  Î  L2(-

A,A) such that  f(z)= dtetf itz
A

A
�

-

)(  for all z 

10. Prove that one can associate to each f Î  L2a functionf Î  L2 so that the 

following properties hold  

a) If f Î  L1 Ç L2 then f  is the Fourier transform of f. 

b) For every f Î  L2, 
2

f =
2

f  

c) The mapping f� f  is a Hilbert space isomorphism of L2 onto L2 

d) If  )()()( xdmexft
A

A

idt�
-

-
A =f  and )()()( xdmexft

A

A

idt�
-

-
A =y  then fA -f � 0 

and fA -y � 0 as A� ¥  
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Answer any FIVE questions. 

1. Let < , > be an inner product on a linear space XK and  x = Ö(x,x). . 

Prove: (a)  for every x, Y E x, where equality holds if and only 

if x and yare linearly independent. 

(b) : X� K is a norm on X and <, > is jointly continuous with respect to.  

(c) The normed linear space ( ),x  is uniformly convex. 

2. (a) Explain Gram-Schmidt ortho normalization. (b). State and prove Bessel's 

inequality. 

3. Let {Ua}be an orthonormal set in a Hilbert space H. Prove that the following are 

equivalent: 

(a) {Ua} is an orthonormal basis for H. (b) for x Î  H, x=�
¥

=1

,
n

nn UUx  where 

 



(c) If   x Î  H and ,., aUX =0 for all a then x=0 

4. State and prove Riesz representation theorem. 

5. If AÎ  BL (H), prove that there is a unique B Î  BL (H) such that for all 

X, y, Î  H (Ax, y)=( X, By ). 

6. Let A Î  BL(H). Prove: (a) I Î  A is self-adjoint and (Ax, x) = 0 for all 

x EH then A = 0 . (b) If K = C, then A is self-adjoint if and only if (Ax, x) Î  R for 

all x Î  H; if K = R, then A is self-adjoint if and only if (Ax, y) = (Ay, x) for all x, 

y, Î H. (c). A is unitary if and only if XAx =  for all x Î  H and A is onto. (d).  A 

is normal if and only if XAAx *¢=  for all x Î  H   

7. (a) Prove that A Î  BL(H) is invertible if and only if A is bounded below and the 

range of A is dense in H 

(b). If AÎ BL(H) , prove :  ( ) 2/1
* AArA =   

8. (a) Let P Î  BL(H) be a projection. Prove that the following are equivalent:  (i) P 

is an orthogonal projection  (ii) P> 0 (iii) P is self-adjoint (iv) P is normal. (b) 

State and prove finite dimensional spectral theorem. 

9. 9. Define Resolution of the identity. Let {~} be a resolution of the identity on 

[a, b]. Prove that there exists a unique self-adjoint operator AÎ  BL(H) such that 

for all X, y, Î   H,( Ax, y ) = ( )�
b

a

YXptd ,,  
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Answer any FIVE questions. 

1. (a) Let A be a ring =F o. Prove that the following are equivalent: (i) A is a field 

(ii) The only ideals in A are 0 and (1) (iii). Every homomorphism of A into a 

nonzero ring B is injective. (b) Define the nilradical of A. Prove that the nilradical 

of A is the intersection of all the prime ideals ofA. 

2. (a) Define contraction and extension of ideals 

 

 

 



 

 

3. (a) Let g: A ~ B be a ring homomorphism such that g(s )is a unit in B for all s E 

S. Prove that there exists a unique ring homomorphism h: s-IA ~ B such 

that g =h 0 f (b) Define primary ideal. Prove that primary ideal is not necessarily a 

prime-power. 

4. (a) State and prove first uniqueness theorem. (b) Define valuation ring of K. 

Prove that there exists a valuation ring for every field. 

5. (a) Define a.c.c. and d.c.c. prove that, for field k, k[x] satisfies a.c.c, but not 

d.c.c.  

6. Let A be a Noetherian local domain of dimension one, m its maximal ideal, k = 

A / m its residue field. Prove that the following are equivalent. (a) A is a discrete 

valuation ring (b) A is integrally closed m is a principal ideal dimK (m/m2)= 1 (c) 

Show that every chain can be extended to a composition series. 

7. (a) If A is Noetherian, prove that A[x] is Noetherian. (b) Every non-zero ideal is 

a power of m. (c) There exists x E A such that every non-zero ideal is of the form 

(x) k >0. 

8. a) If L>M>N are A-Modules prove that (L/N)(M/N)=(L/M). (b) If M 1, M2 are 

submodules of M1 that M1+M2/M3=M2/(M1 ÇM2) (c). Show that 

Ann(M+N)=Ann(M) Ç Ann(N) and (N:P)=Ann((N+P)/N).  

9.  State and prove structure theorem for Artin rings. 

10. (a) State and prove first uniqueness theorem. (b) Define valuation ring of K. 

Prove that there exists a valuation ring for every field. 

 

 

 

 

 

  


